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The problem of an infinite plane porous slider with an isothermal compressible lubricant that is optimum as regards the load
capacity or static stiffness of the lubricant layer is solved. The solution is found for the case when there is a prescribed constraint
on the lubrication flow rate through the porous insert. The optimum slider shapes found, and also the size and position of the
insert, depend on the parameters of the problem that determine the properties of the lubricant and the insert, the supply conditions
and the flow rate of the lubricant through the insert. © 2005 Elsevier Ltd. Al rights reserved.

The feeding of lubricant into the working gap of a gas dynamic bearing improves its operating conditions,
including its operation under start-stop conditions, and also increases the load capacity and stiffness
of the lubricant layer under working conditions. Among the designs of porous bearings and methods
for feeding lubricant into the lubricant layer [1-4], we distinguish bearings having porous inserts with
distributed feeding of lubricant [1, 2]. These possess, for example, increased vibration resistance. The
operation of bearings with such inserts has been investigated by many researchers who have solved
different direct problems. Parametric optimization of the characteristics of a porous radial bearing has
been carried out [5]. The optimum shapes of sliders with an impermeable surface and with respect to
different parameters have been investigated [6-9].

Below, the problem of determining the optimum shapes of a porous infinite slider that ensure either
maximum load capacity or maximum static stiffness of the layer of isothermal compressible lubricant
when there is a prescribed constraint on the lubricant flow rate through the porous insert is formulated
and solved. Additional lubricant is fed from a reservoir at increased pressure through the insert, where
the lubricant flow obeys Darcy’s law. Depending on these conditions, the insert may be different length,
of equal length or of smaller length than the slider. In the last case it is necessary to determine the
optimum size and position of the insert. The introduction of a constraint on the additional flow rate is
due to the practical need to reduce the consumption of lubricant and the energy used to supply it, which
results in less scope for increasing the load capacity and stiffness.

1. FORMULATION OF THE PROBLEM

Consider a plane slider of length L, infinite in a direction perpendicular to the surface of the drawing
in Fig. 1, moving over a plane surface y = 0 with a velocity -U in the negative direction of the x axis of
a Cartesian system of coordinates x, y, z. The shape of the lower surface of the slider is described by
the function y = A(x). In a coordinate system connected to the slider, the surface y = 0 moves with a
velocity U, while the slider is at rest. The isothermal lubricant with a density p proportional to the pressure
p has a constant viscosity .. The height of the gap between the slider and the surface satisfies the
inequality # < L (in Fig. 1 the gap is shown on a magnified scale). The magnitude of the minimum
achievable height of the gap A,,,, due to the surfaces moving with respect to each other without touching,
in specified. Outside the gap (in front of and behind the slider) the pressure of the lubricant is assumed
to be constant and equal to p... For a variable height of the gap, the pressure within it p # p.., and the
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slider has a load capacity N, which, being equal to the integral of the pressure over the entire surface
of the slider, balances out the external load. Along with the load capacity, the static stiffness of the
lubricant layer G and the additional lubricant flow rate Q, through the porous insert are important.
Here and below, all the integral characteristics correspondp to unit width of the slider in the direction
of the z axis.

The slider includes an insert of uniform porosity with thickness D > h,, and length [, < L (shown
shaded in Fig. 1) and a reservoir with lubricant, the pressure in which p; > p... Due to the difference
in pressures in the reservoir and gap, the lubricant is discharged into the gap. Further, in order to simplify
the analysis, we will assume that for a pressure in the porous insert p, the following inequality holds

|0p,/3y| = [dp,/dx|

If this inequality is satisfied, the lubricant flows through the porous insert and, on leaving the insert, it
flows in the transverse direction y. In addition to this, we will assume that the flow of lubricant in the
porous medium obeys Darcy’s law [1, 2]. Then the flow density of the lubricant across the insert will
be given by the equation

jp(x) = —kpp';l papp/ay

where k, is the seepage coefficient.
If the isothermal lubricant is an ideal gas, integration of this equation across the porous layer will
give the relation

jp(®) = k,(2RTu.DY ' (p* - p3)

where R is the gas constant, T is the absolute temperature, which is assumed to be constant, and p(x)
is the pressure in the gap.

The balance equation of the lubricant flow rate stems from the equation of continuity, and for the
lubricant in the gap has the form [1, 2]

h

Q+j, =0, Q=pfudy
0
The prime denotes a derivative with respect to x, and u is the longitudinal component of the lubricant
velocity in the gap. The flow rate Q is expressed in terms of p, p' and % in the well-known way [1, 2]

and is given below in dimensionless form. The additional flow rate of lubricant discharged through the
porous insert is defined by the integral

Xg2
Q, = [ jpdx = Qlxg) - Qlxg))
Xgy

where xp; and x, are the longitudinal coordinates of the insert.
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We will introduce dimensionless variables with the following scales: L for the coordinates x, ,, for
y and h, U for the velocity ad yp..U? for the pressure, where y = 6uL(p..Uh%)™". In dimensionless
variables, the equation for determining the pressure and the flow rate coefficient g in the gap and the
boundary conditions take the form

g+ fe(p’~PH=0, p=(h-gpHh>, p(0)=p(1)=P., q¢=20/(xp.Uh,)  (L1)

with the dimensionless complexes (similarity parameters)

_ - -1 _
B = 6k,L’h D", P =p(yp.UY, P.=p.(ypUY ., x=yM =P)  (12)

In view of the inequality /, < L, a piecewise-constant function fj is introduced, defined as
fa =P when x3,<x<x5 and fy =0 when x<xg, xg<x (1.3)

where x5, and xp, define the size and position of the insert (Fig. 1). . ‘

The solution of problem (1.1) depends on the similarity parameters B, P, and , which characterize
the porosity of the insert, the supply pressure and the compressibility of the lubricant. Like the flow
rate coefficient g introduced earlier, we will define the coefficients of the load capacity Cy, stiffness Cg
and additional flow rate by the equalities

G 4, = 20,/(xp.Uh,) (1.4)

YLpU

CN=

o
Lp u2=jpd”‘P~’ Co =
YLP. 0

The static stiffness G of the lubricant layer and its coefficient Cg will be determined in the following
way [4]. Let the slider perform a small quasi-steady displacement along the y axis by an amounte < 1.
Then the height of the gap, the pressure and the flow rate within it can be represented in the form

h =hy-€, p=py+€p,, q = qo+eq, (1.5)

The functions h(x), po(x) and gy(x) satisfy the equations and boundary conditions (1.1) with a zero
subscript on all the variables. .
Introducing the stiffness by the equation [4] G = dN/de, using relations (1.4) and (1.5) we obtain

1
C; = I pdx (1.6)
0

The differential equation and the boundary conditions for a perturbation of the pressure p;, obtained
from relations (1.1) and (1.5), take the form

' - ~t, -1,-3
Py = Q2py+ ‘101’1170l ~q;- 3‘10"01)1’01”0 v P(0) =p(1) =0 (1.7)
The quantity g, is defined by the equation

q)+2fppop, = 0 (1.8)
Thus, the load capacity is determined from the unperturbed pressure pg, and the static stiffness is

determined from its perturbation p,. )
The model used corresponds to subsonic flows. An incompressible lubricant corresponds to M~ < 1,
¥ < 1, and a greatly compressible lubricant corresponds to M? < 1, % > 1. The case = 0 corresponds

to a slider without a porous insert,
We will estimate the similarity parameters for real cases. If

U=10*m/s, T=300K, L=0.1m, h,=2 x 10°m, p =175 x 10°Pas,

P.=098 x 10°Pa, p_.=13x 10°gm>, D=5 x 103 m, k,=10"n?



696 V. I. Grabovskii

Cﬁ,CS “ CI:’C(OE
N /<
2

20 7

0 10 B 20

then
y=2 x 102, x=26, M*=0.13, B=15

We will give the results of the solution of direct problems for porous sliders with a prescribed Rayleigh
gap (for which the greatest load capacity when B = 0 is obtained [6, 7]). The solution is found by
numerical integration of Egs (1.1), (1.7) and (1.8) for a specified function A(x) and xg; = 0, x5, = 1
(the entire slider is porous -, = L). Figure 2 shows graphs of Cy = Cy{(B)/Cy(0) (the continuous curves)
and Cg = Cg(B)/Cs(0) (the dashed curves) for x = 1 (Cy(0) = 0.0343, C5(0) = 0.0683) and 10
(Cn(0) = 0.0304, C5(0) = 0.0507). The corresponding sliders are also shown. Curves 1, 2 and 3
correspond to P/P.. = 1.5, 2, 2.5. An increase in P; is always accompanied by an increase in the load
capacity and the stiffness. The function CR(B) is monotonic, and C&(B) has a maximum, the magnitude
and coordinate §™ of which depend on the values of P, and . In practice, case of a simultaneous increase
in the parameters Cy and Cg are of interest. When y, = 10 the region [0, ™] is considerably greater
than when y = 10. Its extent also increases when the parameter P, increases.

Note that an increase in the load capacity and stiffness is accompanied by an undesirable increase
in the additional lubricant flow rate through the porous insert. For fixed values of § and P, and with
?p = L, the coefficient g, is a maximum. When the parameters B and P; increase, this quantity gy, max
increases.

2. THE OPTIMUM SLIDERS

The sliders investigated above are not optimum in terms of load capacity when f§ > 0 and are not
optimum in terms of stiffness whatever the value of B. We will consider the problem of determining
the shape of the slider and also the size and position of the porous insert that, for specified B, P, and
X, ensure either maximum load capacity or maximum static stiffness, when there is a constraint on the
magnitude of the additional flow rate.

Sliders of optimum load capacity. 1t is required to find the function A(x) and the coordinates xg; and
xp, that ensure a maximum of the functional Cy taking into account the differential relations (1.1) with
subscript, the constraints on the height of the gap 1 < h(x) and the additional flow rate g, < gy, max-

To solve the problem, we will set up the Lagrange functional

1
' ' 2
Iy = C~+IFNdx+0tq,,; Fy = Mpoho— 40— Pohopy) + Mgy + fa(Pg— PY)) (2.1)
0
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in which A(x) and p(x) are variable and a is a constant Lagrange multipliers. When o = 0 the problem
changes into one without a constraint on the magnitude of q,, and we obtain [, = L and g = g, may.

To obtain the necessary conditions of optimality, the function Jy is varied according to well-known
rules [8]. If the gap is optimum, i.e. a maximum of Cy is attained, the variations ACy = AJy < 0 for any
variations 0k satisfying the constraint on the height hy(x). Variation is carried out taking into account
the continuity of py and g in the sections x = x; of possible discontinuities of the function Ay Their
presence is a characteristic feature of optimum sliders. In these sections, the Lagrange multipliers may
also have a discontinuity. Other characteristics sections are x = g1 and x = x;, where the function fg
and one of the Lagrange multipliers undergoes a discontinuity. The position of these discontinuities is
unknown and is determined when solving the problem.

After the necessary calculations, for the variation ACy = AJy we obtain

ACy = Y, {-[Ahy)poAp,+ [R1Age+ [Apohypy— MaolAx} + 0Agg gy — Ado py) +
d,B1,p2

1

+(HAg), . —(RAgy), o+ I{PSPO + BOhy— (A + n')dgp tdx (2.2)
0

P = po(Mhg) + Mg+ 1+2ufgpe. B = M3qohy —2pg); [W] = w_—w,

Summation is carried out over all the sections indicated above, where the function A or the function
fp undergoes a discontinuity. The square brackets denote a discontinuity of the parameter in the
corresponding section, while the minus and plus subscripts are ascribed to this parameter before and
after the discontinuity respectively. In expression (2.2), Ax, Apy and Aqy are increments of the x
coordinate, the pressure py and the flow rate g in the sectionsx = 0,x = 1,x = x;,x = xg; and x = xp,.

According to expression (2.2), the following problem is formulated for the Lagrange mulitipliers A
and u for any (including non-optimum) gaps that may be formed by the piecewise-continuous function
ho(X).

(Mhg) +(Ahg+ 1)py' +2ufg = 0, [Mhgly =0, [Mg; =0, (Al =0 (2.3)
W+h =0, pO) =p) =0, [pl;=0, [l =« I[ulg=-a (2.4)

One of the boundary conditions in (2.4) for the multiplier y is satisfied by the choice of quantity A(0).
The conditions at the discontinuities in relations (2.3) and (2.4) indicate that both functions p(x) and
A(x) may be discontinuous. For multipliers A and u satisfying equations and conditions (2.3) and (2.4),
expression (2.2) takes the form

3 '
ACy = Y {[Apohopo—HgolAx} + JBBhod" (2.5)
d,B1,82 0
in which all the variations and increments can be assumed to be independent.
Since the increments Ax may be arbitrary, it follows that, with the optimum position of the given
discontinuities of the functions, the coefficients of Ax should vanish. Hence, taking into account the

conditions at discontinuities (2.3) and (2.4), the differential equations (1.1) (for functions with zero
subscripts) and the discontinuity of py and g,, we obtain the relations

Ms{Poho_ - 4o~ g bigr(Pohor ~g0)} = 0, Mg, = 0, Mgy =0 (2.6)

which define the sections xy, x3, and xp, in the optimum slider. From relations (2.6) and (2.3), (2.4) it
follows that

Ay =2y =0, MHpi- = O, Hgoy = Q

Thus, the multiplier A is continuous everywhere and passes through zero in the section x = x,, while
the multiplier p undergoes a discontinuity in the sections xg; and xg,
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In part of the slider where kg > 1, the variations 8k are arbitrary, and the corresponding condition
of optimality takes the form

M34ohy —2pg) = 0 (2.7

Equation (2.7), corresponding to the segment of the two-sided extremum (1), enables us to determine
the height of the gap on it

ho = 3qop; 12 (2.8)

In the part of the slider where 4y = 1 (the segment of the boundary extremum (II)), the permissible
variations &/ > 0. Therefore, here the condition for a maximum of Cy is formulated, in accordance
with relation (2.5), in the form of the inequality

A3gohy —2pg) <0 (2.9)

From an analysis of the equations of lubrication and the conditions of optimality obtained, the
structure of the optimum solution follows. The function Ay(x) contains two segments of optimality
(I and II) which join in a discontinuous way in the section x = x,;. The ends of the porous insert are
always found in different segments.

Thus, the problem reduces to a numerical calculation of the multipliers A and u from differential
equations (2.3) and (2.4) and the functions pg, gy and sy from Egs (1.1) and (2.8) on each of the segments
indicated. Then the maximum coefficient Cy and the functions p;(x) and g;(x) accompanying it (by
integration of Eqs (1.7) and (1.8)) and the non-optimum coefficient Cs are calculated.

The results of calculations for Py/P,, = 2, different values of Band y and a = 0. This case corresponds
to the absence of a flow rate constraint. Then the entire slider is porous (xg; = 0, xg, = 1) and
dp = qpmax Figure 3 shows the optimum shapes of such sliders for x = 1 and x = 10. The curves § = 0
correspond to the optimum Rayleigh sliders with impermeable surfaces. A change in the shape of the
slider occurs as P increases with a reduction in gap height. Here, two factors counteract each other —
motion of the slider (the dynamic effect) and feeding of the lubricant (the static effect). The first tends
to increase the front part of the gap, and the second tends to reduce it. As 3 increases, the second factor
begins to predominate, leading to a reduction in the gap height in sectionx = 0 and to the formation
of a hollow in the slider. The function hgy(x) is always discontinuous in the section x = x,. For large
values of B, the lubricant may leak out of the gap through both sections x = 0 and x = 1.
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Figure 4 shows the change, as the parameter B increases, in the optimum coefficient C¥ (the thick
continuous curves) and in the non-optimum coefficient Cg; (the thick dashed curves), determined in
the same way as in Fig. 2, from which we have taken relations (the thin curves) corresponding to Rayleigh
sliders that are non-optimum when B > 0 with the same parameters. The gain in load capacity is
considerable, for example, for B = 10, it is about 50% when yx = 1 and 15% when , = 10. For low
values of B there is a simultaneous increase in Cg, i.e. these shapes, optimum in terms of load capacity,
also possess increased stiffness. For large values of B, this is not so.

Results of calculations for Py/P.. = 2, different values of B and y and a # 0. Different values of a
correspond to different values of additional flow rate of lubricant through the porous insert g, < gp,max-
The length of the insert becomes smaller than that of the slider (xg; —xp;) < 1. The coordinates xg;, xp,
and the flow rate g, coefficient are found from the solution of the problem. Figure 5 shows the shapes
of the optimum sliders for y = 1, B = 1 (g, max = 2.587) and x = 10, B = 10 (g, max = 0.146) for different
relative coefficients g, = q,/g, max. The rectilinear horizontal dashed segments show the positions of
the porous inserts, defined by the coordinates xp; and xp,. As an example, the shaded area denotes the
corresponding inserts for one of the versions of each values of . In a similar way it is possible to show
inserts for other values of gj.
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The lines g, = 0 correspond, as in Fig. 3, to impermeable Rayleigh sliders. It is significant that the
optimum posmon of the insert is in the middle part of the slider, close to sectionx,, and here it is always
the case that xp; < x4 < Xpo. This is illustrated in Fig. 6, where the dependence of the coordinates xgy,
Xpo, Xz on the parameter g, in accordance with Fig. 5 for the first case when x = 1 is shown.

It can be seen that a reduction in g, is accompanied by a reduction in load capacity. In Fig. 7 the
level of this reduction is illustrated by the relations C}(q;) = Cn(g,)/CN{(qp,max) fOT the optimum sliders
from Fig. 5 (f = 1 — Cymax = 0.186, %, = 10 — C 5y = 0.058). .

Optimum sliders in terms of the static stiffness of the lubricant layer. 1t is required to find the maximum
functional (1.6) using relations (1.1), (1.7) and (1.8), under conditions of the gap height constraint
indicated earlier and a possible constraint on the quantity g,. The corresponding Lagrange functional
has the form

1
Jo=Co+ f{FN + 7‘1(¢10P1P<;l ~3qohy +2Po-q; - kopop)) + i(g) + 2fgpop) }dx + 0g,
0

with additional, Lagrange multipliers A,(x) and p,(x) compared with the functional Jy. Note that the
functional J; contains the function Fy from integral (2.1). Analysis of this functional for a maximum
is carried out in the same way as above.
Now the problem for the Lagrange multipliers is formulated as follows:
, - -2 -1,-1 -1
(}Nhg) + ;\'hoPoI + APy (41 + Go(3Po—2P1ho)Po Ho ) +2fg(R+ PPy ) = 0

2.10
(Ak3]; =0, [Mg =0, [Alg; =0 (2.10)

(Mhg) + (Mo + Dpg +2fgiy = 05 [Aihgly = 0, [Adg =0, M1, =0 (211)
WA+ A3l - pypgt) = 05 w(0) = u(1) =0, [u],=0, [ulg =o, [nlp=-0 (212
pi+A =05 w0 = w1 =0, [, =0, [ils =0, il =0 (213)
W] = w_—w,
The square brackets mean the same as in expressions (2.2)—(2.4). The values of A(0) and A;(0), necessary
for the integration of Eqs (2.10) and (2.11), are unknown in advance and are selected by satisfying the

second conditions from relations (2.12) and (2.13). The conditions in sections xg;, X, and xgy, determining
their optimum position, have the form
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3,3
Ag{Poho-— g9 ho_ho,(Poho, — qo) }a+
- - 3,3 -1 -1 _
"')Hd—{%l’ﬂ’o]—3qohoi+2Po—qx-ho_hm(qopll’o -3pohp. +2pg-q1)ts = 0
Mgy =0, Hg, =0

Analysis of the variation of functional J; and the optimality conditions obtained indicate that the
solution of the problem has the same features as for the case of maximum load capacity. To be precise,
there are two segments of optimality (the two-sided extremum (I) and the boundary extremum (II))
joining with a discontinuity of the function /¢(x) or without a discontinuity, depending on the values
of the parameters of the problem. On the segment of the two-sided extremum, the condition of
optimality, determining the function f4(x), reduces to the question

M3qq— 2pohg)hg + 3A {qhg ~ 2Pohy + 4o(4 ~ hop1pg )} = 0 (2.19)

On the segment of the boundary extremum (hy = 1) the condition of optimality corresponds to the
requirement that the left-hand side of Eq. (2.14) should be negative.

In the section x = x, of the discontinuity of the height of the optimum gap, the multipliers p and y,
are continuous, while the multipliers A and A, can become discontinuous. At the ends of the porous
insert, the coordinates of which xg; and xp, are determined in the course of the solution, the multiplier
u becomes discontinuous with continuous multipliers y,, A and A;. The above equations and relations
enable us to find the shapes of the sliders with the greatest static stiffness for different values of the
parameters. The problem reduces to a numerical calculation of A, Ay, U and y; from the differential
equations and conditions (2.10)-(2.13), py, o and A, from Eqs (1.1) and (2.14}, and also p; and q; from
Egs (1.7) and (1.8) on each of the segments indicated.

Results of calculations for P /P., = 2, different values of Band y and o = 0. This case corresponds to
the case when there is no constraint on the flow rate q,- The entire slider is porous (xg; = 0, xp; = 1)
and g, = g, max- The special case P - 0 for an impermeable slider with an incompressible lubricant was
investigated earlier {9]. For a compressible lubricant, Fig. 8 shows the optimum sliders when x = 1 and
x = 10. The dot-and-dash curves give the corresponding Rayleigh sliders from Fig. 3; the remaining
curves correspond to stiffness-optimum sliders for different p. The B = 0 curve corresponds to an
impermeable slider. At low compressibility (xy = 1) the presence of projections, when there is a
discontinuity of the function hy, is characteristic. When the parameter B increases, the height of the
gap hy(x) becomes continuous and decreases.

Figure 9 shows the change in the optimum coefficient Cy, (the dashed curves) and the accompanying
non-optimum coefficient Cy (the continuous curves) as the parameter f increases. The corresponding
relations for non-optimum sliders (for the Rayleigh shape from Fig. 2) with the same parameters are
represented by the thin curves. The gain in stiffness turns out to be considerable. For example, for
B = 5itis about 65% when y = 1 and 9% when x = 10. For such sliders, a gain in load capacity is also
always obtained.

Results of calculations for P /P, = 2, y = 1, B = 0.2 and a# 0. The results relate to different values
of the prescribed lubricant flow rate through the porous insert g, < gpmax. Unlike the case when a = 0,
the length of the insert becomes smaller that the length of the slider. Figure 10 shows the shapes of
the optimum sliders for different values of the relative coefficients g, = g,/g, max (gp.max = 0.578). The
rectilinear dashed segments show the positions of the porous inserts defined by the coordinates x; and
xpy- As in Fig. 5, one of the inserts (g, = 0.03) has been shaded.

The gy curve corresponds, as in Fig. 8 with B = 0, to an impermeabie siider. It is significant that the
optimum position of the insert, as in sliders that are optimum in terms of load capacity, is in the middle
part of the slider. The dependences of coordinates x4, xg; and xg, on parameter g, behave qualitatively
as in Fig. 6.

A reduction in g, is accompanied by a reduction in stiffness. In Fig. 11 the level of this reduction is
illustrated by the dependences of C7; (dashed curves) and C}, (continuous curves) on g, for optimum
sliders from Fig. 10 (Cg max = 0.136, Cy o = 0.053).
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3. CONCLUSIONS

The problem of determining the optimum shapes of an infinite plane porous slider with an isothermal
compressible lubricant that ensure either the greatest load capacity or the greatest static stiffness of
the lubricant layer, given a constraint on the lubricant flow rate through the porous surface, has been
formulated and solved. It has been shown that, depending on the parameters of the problem - the
compressibility of the lubricant y, the porosity B and the supply pressure P - the height of the gap of
the optimum slider can be both a continuous and a discontinuous function of the longitudinal coordinate.
As the parameters B and P; increase, the load capacity increases while the stiffness has a maximum. In
a certain range of variation in parameter P, both characteristics are increasing.

The optimum slider shapes obtained can yield a gain in load capacity and stiffness, compared, for
example, with an impermeable Rayleigh slider, of up to 100% at x = 1. When the compressibility
increases, the gains decrease appreciably. There are ranges of the governing parameters where slider
shapes are obtained both with a high load capacity and high stiffness.

A constraint on the magnitude of the lubricant flow rate through the porous insert is achieved by
reducing the parameters B and P, and also the longitudinal dimensions of the porous insert, which is
accompanied by losses in load capacity and static stiffness. It has been shown that the optimum insert
position is in the middle part of the slider.

I wish to thank A. N. Kraiko for helpful suggestions.
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